In this note, we investigate negacyclic self-dual codes over Z 2 a using the higher torsion codes. It is proved that all negacyclic self-dual codes over Z 2 a are of Type I. Examples of extreme Type I codes over Z 2 a from negacyclic codes are given.
Introduction
Negacyclic codes over finite fields are a class of important codes that were initiated by Berlekamp in the early 1960s [2, 3] . After successful applications of codes over Z 4 to good error-correcting codes [11] and unimodular lattices [6] , codes over finite rings have received a lot of attention. In 1999, Wolfmann first introduced negacyclic codes over Z 4 of odd length and studied their binary images [16, 17] . Later, Blackford [4] used a transform approach to classify negacyclic codes over Z 4 of even length. In [7, 8] , Dinh computed various kinds of distances of all negacyclic codes of length 2 s over Z 2 a . Meanwhile, self-dual codes over Z 4 , more generally Z 2 a , were used to construct unimodular lattices (cf. [5, 9] ).
In this note, we investigate negacyclic self-dual codes over Z 2 a using the higher torsion codes. We first determine all torsion codes of a negacyclic code over Z 2 a . Then using torsion codes we prove that negacyclic self-dual codes over Z 2 a are Type I. The material is organized as follows. In Section 2, we introduce some basic definitions and notations, and review main results about negacyclic codes over Z 2 a . Section 3 determines all torsion codes of a negacyclic code Z 2 a . In Section 4, we prove that each negacyclic self-dual code over Z 2 a is Type I, and give examples of extreme Type I codes over Z 2 a from negacyclic codes. [12] k n, where k is a nonnegative integer and n is an odd number. Denote
. This means that a binary cyclic code of length N = 2 k n (n odd) is an ideal of R 1 . It has been shown in [15, 18] that negacyclic codes over Z 2 a of any length are principally generated. The following theorem gives the generators of negacyclic codes over Z 2 a for an arbitrary length.
Denote the reciprocal polynomial of a polynomial f (x) by f * (x). Let ξ be a primitive nth root of unity in the extension ring of Z 2 a , and f i (x) be the minimal polynomial of
and asymmetric otherwise. The asymmetric cosets come in pairs C
for some unit δ in Z 2 a . Let I 1 denote the set of representatives of each symmetric coset and I 2 the set of representatives of one of each asymmetric coset pair. Assume that k ≥ 1 is a positive integer or a is an even positive integer. Let 2t = 2 k a. Then a negacyclic self-dual code of length N = 2 k n (n odd) has generator polynomial in the form [18] 
where each k i is any number in the range 0 ≤ k i ≤ 2t. Using the ring automorphism
given by x  → x −1 , we get that the negacyclic self-dual code C with generator polynomial as in (1) is equivalent to the negacyclic self-dual code with generator polynomial
Thus, we only need to consider negacyclic self-dual codes with generator polynomial in the form 
Torsion codes
Let C be any code over Z 2 a of length N. We now associate C with some related codes. We define 
Proof. The proof is similar to that for [7, Lemma 3.1] . By induction on n, it can be shown that (x n − 1) 
, where l
Combining the above lemmas with Theorem 3.1, we can determine the torsion codes of a negacyclic code over Z 2 a of length N = 2 k n (n odd) explicitly. 
Proof. By Lemma 3.4, for each γ , 0 ≤ γ ≤ a−1, it is obvious that (C :
Applying Lemma 3.3, we get that
This gives that |(C : 2 γ )| ≥ 2 t γ where
Hence,
From Theorem 3.1, we know that
Hence, for each γ , 0 ≤ γ ≤ a − 1, we must have |(C :
follows.
From the above theorem, we can express that Res(
Negacyclic self-dual codes over Z 2 a
In this section we consider the Euclidean weights of negacyclic self-dual codes over Z 2 a . We first give a lower bound for the minimum Euclidean weight of negacyclic codes over Z 2 a using torsion codes. Let C be a negacyclic code over Z 2 a of length N = 2 k n (n odd). For each i, 0 ≤ i ≤ a − 1, let d i denote the minimum Hamming weight of the ith torsion code (C : 2 i ). 
Proof. Let c be any nonzero codeword in C . Since ς is the smallest integer such that (C : 2 ς ) is nonzero, there exists ν, ς ≤ ν ≤ a − 1, such that c can be expressed in the form 2 ν b, where b ∈ Z N 2 a is not divisible by 2. This gives that b ∈ (C : 2 ν ), which means that the Hamming weight ofb is not less than d ν . Hence, we have w E (c)
It was shown in [8] that the unique negacyclic self-dual code over Z 2 a of length a power of 2 is a Type I self-dual code. Now, we extend this result to an arbitrary length by using torsion codes.
Theorem 4.2. A negacyclic self-dual code over Z 2 a is of Type I.
Proof. Assume that C is a negacyclic self-dual code over Z 2 a of length N = 2 k n (n odd) with generator polynomial g(x) as in (2) 
Clearly, D ⊆ C . If a is even, then applying Theorem 3.5 yields that (D : 2
is asymmetric, the number of nonzero coefficients ofh(x) must be odd, otherwise 
Similar to the previous case,r 1 (x) has an odd Hamming weight.
Hence, the Hamming weight ofr(x) must be oddly even. So there exists r 2 (x) ∈ R a such that 2 a−1 This shows that C is Type I.
Note that for any codeword c ∈ C , c · c = 0 ( mod 2 a ), it follows that the Euclidean weight of c is divisible by 2 a . As a special case, the minimum Euclidean weight of a negacyclic self-dual code over Z 4 is always divisible by 4. However, a negacyclic self-dual code over Z 4 always contains an odd Hamming weight codeword. In fact, let C be a negacyclic self-dual code over Z 4 with generator polynomial g(x) in the form 
When 2⌊N/24⌋ ≤ 2 a − 3, Type I codes over Z 2 a meeting the above bound (4) with equality are called extremal. Note that when a = 1 or 2, the above bound (4) holds without the assumption 2⌊N/24⌋ ≤ 2 a − 3 (cf. [5] ). In the following, we give several examples of Type I codes over Z 2 a from negacyclic codes. (1) Let C 1 be the negacyclic self-dual code over Z 4 of length 14 with generator polynomial 
